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ABSTRACT

We propose to fabricate a dielectric cavity sustaining high-Q whispering gallery modes from a periodically poled
material possessing a quadratic nonlinearity to achieve an efficient interaction among the modes. We show that
the periodical poling allows for compensation of both the material and the cavity dispersions that prohibits the
nonlinear interaction otherwise. Such a cavity might be a basic element of a family of efficient nonlinear devices
operating at a broad range of optical wavelengths.
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1. INTRODUCTION

Whispering gallery modes (WGMs) in optical microresonators are attractive in nonlinear optics because of their
small volumes and high quality factors.>? An efficient parametric nonlinear interaction among the modes is
possible if the cavity supporting WGMs is fabricated from a low loss x(?) nonlinear material. On the other hand,
the nonlinear interactions are usually strongly forbidden by the momentum conservation law (phase matching
condition) because modes of a dielectric cavity possessing rotational symmetry are orthogonal to each other in
the momentum space. An interaction could only be possible if the symmetry of the system is broken or modified.

A way of such a modification was recently suggested for a strongly-nondegenerate three-wave mixing.>* A
resonant interaction of light confined in three optical WGMs, and a microwave field, was achieved by engineering
the geometry of a microwave resonator coupled to a toroidal LiNbOj3 optical cavity. A new kind of electro-optic
modulator and photonic receiver based on this interaction was realized.3°

Here we propose an approach to the realization of a parametric interaction among different WGMs using a disc
cavity produced from a periodically poled nonlinear material, e.g. periodically poled lithium niobate (PPLN).!0
We show that it is possible to achieve coupling among light waves as well as among light and microwaves adjusting
step of the poling in an appropriate way. High quality factors of WGMs result in low threshold for parametric
oscillations in the system.

As an example, we calculate the structure of the cavity poling necessary to create a triply-resonant optical
parametric oscillator that converts a pump photon (A¢ = 1064 nm) into signal and idler photons (As = \; =
2128 nm). Such a parametric oscillator might have a sub-microWatt threshold power for realistic parameters. We
show as another example a possibility of a parametric interaction among running light and microwave radiation
in a periodically poled WGM cavity. Such a modulator has easier tunability compared with all-resonant WGM
electro-optical modulators with standing microwave.

Our results are promising for various applications in nonlinear and quantum optics ranging from optical
frequency conversion, optical modulation, and photonic reception, to production of nonclassical states of light,
quantum nondemolition measurements, and quantum computing.
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2. PARAMETRIC CONVERSION IN A PPLN WGM CAVITY

An efficient wave mixing with WGMSs might be hindered by two intrinsic properties of a dielectric WGM cavity:
i) frequency dependent dispersion of the host material of the dielectric cavity, and ii) the dispersion introduced
by the internal geometrical mode structure. The frequency of a high order TE WGM may be estimated from

T € v\l 30‘3 e
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where X is the wavelength in vacuum, v is the mode order, €(A) is the susceptibility of the nonlinear material,
R is the radius of the cavity, and a4 is the gth root of the Airy function, Ai(—z), which is equal to 2.338, 4.088,
and 5.521 for ¢ = 1, 2, 3, respectively.

We assume that the cavity is fabricated from a commercial flat Z-cut LiNbOj3 substrate, so TE modes
correspond to the extraordinary waves in the material. For example, let us consider a degenerate optical para-
metric oscillator (OPO) pumped at A, = 1064 nm. Susceptibilities for the pump, signal, and idler waves are
€(wp) = 4.657, e(w,) = €(w;) = 4.513 respectively.

To achieve phase-matching for such an OPO in a bulk, congruent LiNbQ3, poling periods A have to obey the

following condition'®

2w
kp — ks — ki = = =0, (2)

where kj, ks, and k; are the wave vectors of the pump, the signal and the idler, respectively. For the degenerate
case discussed in the paper the poling period is determined by

m
A= —— =~ 31.67 um . (3)
Ve — VEs
where m is an integer number. In the following we assume that m = 1.
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Figure 1. Dependence of poling period A on the WGM cavity radius. It is easy to see that for a large cavity radius the
period coincides with the period in a bulk medium, while for smaller radius the period decreases.

For a WGM cavity fabricated from the same material the poling period is different because of the dependence
of the mode dispersion on the cavity geometrical parameters. The smaller is the cavity the shorter is the period
(see Fig. 1). Moreover, there is no guarantee that the pump and the signal frequencies are both resonant with
the cavity modes. To characterize this possibility we assume that the pump is resonant with a cavity mode and
introduce effective detuning
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where 7, and Qs are the linewidth and the quality factor of the signal mode Qs = w;/(27vs), @5 is the frequency
of the cavity mode that minimizes A. If A/v, < 1 we may say that the signal frequency is resonant with the
cavity mode. The dependence of the detuning on the cavity radius in not trivial. The averaged dependence is
presented in Fig. 2 for @, = 107. We conclude from this calculation that the smaller is the cavity the less is
the probability that the cavity sustain both resonant frequencies w, and w,/2. The cavity radius should exceed
2 mm to have this condition fulfilled, as it follows from Fig. 2.
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Figure 2. Averaged detuning of the signal frequency from the nearest WGM of a dielectric cavity vs cavity radius. The
pump field (A, = 1.064 pm) is resonant with a mode of the LiNbOj3 cavity.

However, condition A/v, < 1 is not critical even for smaller cavities. The frequency difference may be
compensated by applying a DC bias field to the cavity. The DC field moves differently modes of different
frequencies, which results in a possibility of frequency matching in the system.

Let us consider a cavity with radius R = 0.64 mm and study the main mode sequence (a, = 2.338). It worth
noting that fabrication of high-Q cavities with such a value of the cavity radius has been recently realized for
mm-wave electro-optical modulator.” The mode resonant with the pump field has index v, = 8156. For the
signal and idler modes v, = v; = 4004. Because v, — v, — v; = 148 > 1 there is no parametric interaction in the
system unless the nonlinear index of refraction of the cavity material is modulated with the period determined
by the number v, = v, — v, — v;. This periodicity also results in phase-matching for degenerate parametric
frequency downconversion with 1.056 pm, 1.049 pum, 1.041um, etc, pump radiation.

The approximate modulation period is 27.3 wm. It is easy to achieve such a modulation by a periodic poling
of the cavity material.! The volumes of the pump mode, the signal/idler mode, and modes’ overlap are equal
to 1.7 x 1077 ecm?®, 4 x 1077 ¢m?®, and 1.5 x 10~7 cm? respectively (see the mode profiles Fig. 3). Note that the

mode volumes can be also estimated using the asymptotic expression V,, ~ 2rR x 2R(27/v,)'/? x (R/ Vf,/ 3.

The radius of the cavity is contained only in the ratio R/) in Eq.(1). Therefore, the phase matching established
by the periodical poling of the cavity material is stable with respect to the radius change, and may be compensated
by fine tuning of the pump laser frequency.

Let us now estimate the threshold for parametric oscillations. The interaction energy between the pump and
signal modes may be written as

Y= / XD E,E2 av, 5)
\%

where x(?) is varying in space nonlinearity of the cavity, E, and E; are the pump and signal mode amplitudes
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Figure 3. Profiles of the field distribution inside a dielectric cavity. Zero coordinate corresponds to the cavity boundary.
In this model we neglect the evanescent field outside the cavity, which is a reasonable approximation for high-Q WG
modes.

(the signal mode coincides with the idler mode), V is the volume of the cavity. We present mode amplitudes as

2mhwyp
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€pVp
27h
Y8 (/Js ujsd)a e —iwst +adjolnt, (7)
65 8

where a; and a (¢ = p, s) are annihilation and creation operators for the mode, ¥,(r) and ¥;(r) are the mode
spatial profiles normallzed such that V; = fv |T;(r)|2dV (i = p,s), wp and ws are the mode frequencies, €, and
€s are the susceptibilities of the material. The problem of quantization of electromagnetic waves in dielectrics
was discussed in.!!  We also assume that the nonlinearity of the medium is modulated such that it has a Fourier
component that matches the signal and pump modes: x(?) — 2% cos[(v, — 2v;)d)].

We now write the interaction Hamiltonian in slowly varying amplitude and phase approximation
H = hyg((al)?a, + a}a}), (8)

where the coupling constant is
) Voss  [2mhuwp

= 21w , 9

g = 4TWs & Vi &V 9)
Vpss = [, ¥p¥2dV < V),V is the mode overlap integral.
Using this Hamiltonian we derive equations of motion

dp = —Ypa, —iga> + Fp, (10)

G, = —VsGs — 2igalap + Fs; (11)

where F},, F; are the Langevin forces, vy, and s are pump and signal decay rates respectively. The expectation
value (F},) describes pumping from outside of the system. We can write the expression |F}|*/v2 = 4W,Q,/ (hw?),
where Q) = wp/(27,) is the mode quality factor, W, is the power of the pump radiation (in vacuum).
We solve Egs. (10) and (11) in steady state neglecting quantum fluctuations.

) F,
ap=—2a+ 2, (12)

Tp Tp

2ig
as = ——ajiap,. (13)
B



Substituting (12) into (13) we obtain

2g? 24, F
as (1 + 9 |as|2) =- ’yga:—p. (14)

s Ip 8 P

Eq.(14) contains information about amplitude and phase of the generated signal. Introducing F}, = |Fp|exp(i¢rp)
and as = |as| exp(igs), we find the phase and the photon number for the second harmonic generated in the system

™
26 = $rp = 5 (15)
2 Tps ( 29 )
a,|? = 218 F)—-1), 16
|as| 29 7ﬂpl< )| (16)

that results in threshold condition for the parametric oscillation

€€ Vo \? w,V,
W, > 2% ( : ) oVp 17
b= 5127‘—3()((2))2 VZpss Q,%Qp ( )

For realistic parameters (Vyss/Vs = 0.5, V,, = 2 x 1077 cm?, ¢, = 4.6, ¢, = 4.5, ¥*) = 10~7 CGSE,
wp =2 x 10" s71 Qs ~ Q, ~ 107) threshold value is 0.1 gW, which is orders of magnitude less than the state
of the art OPOQ threshold power, e.g. 0.5 mW for similar wavelengths.!2

We expect that the toroidal cavity is advantageous over the total-internal-reflection cavity used in optical
parametric oscillators pumped at 1064 nm.'® The oscillation threshold depends on the mode volume and the
mode overlap integral. We can reduce the mode volume and increase the integral in WG mode cavity.
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Figure 4. Examples of material poling to achieve a phase-matching for WG modes: (a) Poling symmetric with respect
to the cavity center; (b) stripe-like poling.

Finally, let us discuss the possibilities for fabrication of the nonlinear cavities. The optimum poling geometry
is symmetric with respect to the center of the cavity (Fig. 4a). When the nonlinear index coefficient is modulated
with a periodic sign reversal the Fourier coefficient for the first harmonic is about 2/7, as in a periodically poled
bulk material. The dependence of the Fourier coefficients on the inverse poling period is shown in Fig. 5, where
we average the discrete spectrum and show its envelop function.

Fabrication of the centrally symmetric poling is a difficult task. It seems to be much easier to use a slice of
the commercially available periodically poled LiNbO3. The cavity will have poled stripes, instead of sectors (see
Fig. 4b). For such a poling a wave that travels close to the cavity surface sees nonlinear grating with changing
period. An envelop function for the Fourier decomposition for such a grating is shown in Fig. 6. Because the
grating does not have a fixed step with respect to the electromagnetic wave, the maximum Fourier component
is less than in the ideal case (symmetric poling). This leads to an increase of the oscillation threshold compared
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Figure 5. The envelop function for the amplitude of fourier coefficients for the poling shown in Fig. 4a.
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Figure 6. The envelop function for the amplitude of fourier coefficients for the poling shown in Fig. 4b.

with periodic poling (11 times in the case considered). However, the spectrum of the grating is broad enough
to simplify work with the cavity and make possible multi-frequency parametric oscillations in the system. Non-
equidistant poling stripes may, in principle, create a more periodic poling and change the spectrum. However,
cutting of a disc from a sample with complicated poling structure is not an easy task.

It is worth mentioning that the nonlinear system discussed above may also be used to produce nondegenerate
parametric interactions. Because of the low threshold the system may also be "reversed” and used as a detector
of long wavelength radiation via its direct upconversion into light. The maximum wavelength of the radiation is
determined by the cavity size. To maintain low radiative losses the order of the cavity mode should be sufficiently
large. For example, to detect 10 um radiation the cavity should have a radius of, at least, 3.5 mm.

3. TRAVELLING WAVE ELECTRO-OPTICAL MODULATOR WITH A PPLN WGM
CAVITY

A lot of communication applications require devices capable of receiving, transforming and processing signals in
millimeter wavelength domain. Electro-optic modulators (EOMs) based on electromagnetic wave interaction in
nonlinear WGM optical cavities are promising here.3~?



Optical cavity-based WGM EOMs allow for reduction of microwave operating power compared with the
commercially available devices. The core of the WGM modulator is a WGM cavity made with a second-order
nonlinearity material, such as LiNbOj3 or LiTaQO3. Quality factors of WGMs may be large enough because of
small optical losses in the materials. Even a small voltage applied across the area of confinement of the optical
field is enough to induce a change in the frequency of the WGM with a magnitude comparable to its linewidth.
This forms the basis for an efficient modulation.

The principle of EOM operation is based on three wave mixing, similarly to the parametric process described
in the previous Section. The only difference is that the idler mode has a wavelength in a millimeter range now
and, in general, the idler needs metal waveguide system to be confined in the interaction region. To achieve
the modulation one have to optically pump a WGM mode and simultaneously send a microwave radiation to
the system. The efficient optical-microwave interaction may occur when the frequency difference or sum of the
optical and microwave pumping coincides with resonant frequency of another, signal, WGM mode. Such an
interaction, however, may be forbidden by the phase matching conditions. A solution of the problem based on
microwave cavity engineering was proposed in.3~9

Here we show that periodical poling of x(?) materials may be used for fabrication of WGM EOMs, instead
of the specially shaped microwave cavities that were previously utilized for efficient modulation of light. The
travelling wave EOM has easier tunability than the standing wave modulator. Disadvantage of the travelling
wave WGM EOM compared with WGM EOM utilizing microwave resonator is absence of accumulation of the
microwave power in the interaction region and, hence, weaker modulation for the same values of the microwave
pump power sent to the system.

Usefulness of periodically poled materials (quasi-phase matching) for light modulation was recognized more
than a decade ado.'* The technique was further developed recently.'>'® Domain reversal period A necessary
to achieve a phase matching between light and microwaves in a planar geometry is similar to Eq.(2):

2T wum w
KZT(VEM_\/Q)+?S(\/E—\/§)= (18)
where we assumed that w, = w,; + wum, wp and w, are frequencies of optical pumping and signal, wys is the
microwave frequency; €p, €5, and s are the pump, signal, and microwave susceptibilities of the medium. Eq. (18)
may also be written as (see,'® for example)
2w 1

A= 2 1
=T (19)
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where vy, = ¢//€n is the phase velocity of microwaves, v, is group velocity for the light. To derive this expression
we assumed that wp ~ ws > way.

Group velocity for the light travelling in WGM cavity may be estimated from Eq. (1). To do it we use an
analogy between WGM and a mode of a ring fiber cavity. For such a cavity

@,/ef(x) —y, (20)

where €¢(\) is an effective susceptibility of the fiber that takes into account both material and geometrical
dispersions of the fiber. The group velocity may be introduced as

Wy+1 Wy 1
— ef(wyt1) = — \/ er(wy) + —(wy1 — wy), (21)
c c Vg

where w, = 2mc/)\,. Comparison of Egs. (20) and (21) gives us
vg = R(wyq1 — wy). (22)
Neglecting material dispersion we derive an expression for an effective group velocity for the main WGM sequence
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Group velocity is a little bit larger than the phase velocity because the wave with larger frequency has a longer
round trip path. We may neglect by the dependence of the group velocity on the mode order for large v, we are

interested in, and rewrite (19) as
27 c

A=—n—nrn .
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Assuming that /exr ~ 4.2, /6, & 2.1 (A, = 1.55 pm), and wpr = 2w x 100 GHz, we find A = 0.15 cm. It worth
noting that the value of \/ejr vary depending on the microwave waveguide properties.

(24)

For comparably low modulation frequency no periodical poling is necessary. Without periodical poling the
optimum interaction length for the light and microwaves is A/2, where A is determined by Eq. (24). For example,
for experimental setup discussed in,” with R = 2.3 mm and wys = 27 x 10 GHz, the interaction region should
be 0.75 cm long, which is approximately a half of the WGM cavity rim length. The periodical poling becomes
important if we would like to achieve a modulation with a higher frequency in the same large cavity.
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Figure 7. a) A scheme of travelling wave whispering gallery mode electro-optical modulator. Microwave radiation is sent
to the disc WGM dielectric cavity using a stripline waveguide. The light is sent into and retrieved out of the cavity via
diamond prism. b) A possible spatial structure of the cavity poling.

A possible scheme for a travelling wave WGM EOM is shown in Fig. (7a). Light is sent into a spheroid optical
cavity fabricated from a Z-cut periodically poled LiNbOj3 substrate via a coupling diamond prism. The side-wall
of the disc cavity is polished such that the cavity becomes a part of an oblate spheroid. The optical cavity is
placed between two plates of a microwave waveguide that is pumped with an external microwave source. When
the microwave frequency corresponds to the free spectral range of the WGM cavity and poling period of the
LiNbOj is properly adjusted to sustain phase matching of the light and microwaves, the parametric interaction
between input monochromatic light and microwaves occurs. Optical sidebands are generated and the outgoing
light is modulated. A possible poling structure to achieve interaction between the main sequence of WGMs with
the microwaves is depicted in Fig. 7b.

4. SINGLE SIDEBAND ELECTRO-OPTICAL MODULATOR USING A PPLN WGM
CAVITY

EOM described in the previous section results in generation of symmetric sidebands shifted from the carrier
frequency of the input light on the value of the frequency of the microwave pump. This effect results from
a symmetry of the system. The main sequence of the WGMs is almost equidistant in a large enough cavity.
Generally, each pair of the neighboring optical modes from the main sequence are phase matched with the
microwaves if at least one set of pump-signal-idler is phase matched.

Generation of one modulation sideband instead of two sidebands is sometimes useful for photonics applications
such as high density wavelength multiplexing and long haul fiber transmission. When a double sideband signal
is send through a fiber, dispersion of the fiber causes each spectral component of the signal to experience a
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Figure 8. An experimentally measured spectrum of toroidal lithium niobate cavity. The main, nearly equidistant WGM
sequence is determined by numbers (v,q = 1,1 = 1).

different phase shifts. The value of the shifts depend on the transmission distance, modulation frequency, and
dispersion properties of the fiber. This effect results in transformation of the amplitude modulated light into
phase modulated light and vice versa, that complicates the processing of the received signal significantly.!?>2°
In a single sideband signal transmission this problem is not so stringent.

Single sideband modulators (SSB) and frequency shifters were designed previously for planar systems.?!~27

Here we propose an idea of a novel scheme of SSB EOM using nonequidistant modes of a WGM cavity, which
generally possess a large variety of modes. In a spherical cavity there are nonequidistant radial modes. The
main sequence of those modes is determined by different numbers of ¢ in Eq. (1). Moreover, in an ideal dielectric
sphere a lot of WGMa are degenerate. Changing the shape of the cavity to spheroid results in lifting of the
azimuthal degeneracy and appearance of nonequidistant spectrum. A sample of experimental spectrum of 4.6 mm
in diameter LiNbOs3 oblate spheroid cavity is shown in Fig. 8. Nonequidistant modes can be easily seen in the
picture. Once the spheroid is utilized for light modulation, microwave radiation, resonant with two WGMs,
might be off-resonant with the other relevant WGMs because of strong nondegeneracy of the spectrum and,
therefore, only single sideband generation is possible.

The cavity modes are orthogonal in space, however they overlap geometrically. Wave-functions for the modes
with ¢ = 1,2,3 are shown in Fig. 9. Using periodical poling would allow one to make those modes interacting
with microwaves. The interaction energy between the pump, signal and idler (microwaves) modes is similar to
Eq. (5) and reads

Y= / XPE,E,Ey dV, (25)
1%

where x(?) is varying in space nonlinearity of the cavity, E,, E,, and E)s are the pump, signal, and microwave
mode amplitudes, V is the volume of the cavity. The periodical poling of lithium niobate with ”circular chess
structure” (see in Fig. 10b) couples the modes with different values of ¢q. Generally, for any two WGM modes
with indexes (v1,q1) and (v2, g2) there exist geometrical two-dimensional poling structure that results in coupling
of the modes and the microwaves, resonant with the modes’ beatnote.

An important feature of a modulator based on interaction of modes with different ¢ is that the light exits the
modes through the coupling prism with slightly different angles. It is possible to spatially separate the generated
sideband and the carrier, similarly to acousto-optical modulators. Finally, the efficiency of the interaction is
guarantied by almost the same high quality factors of modes with small values of q.

Nondegenerate modes with the same v and ¢, but different azimuthal numbers [ are orthogonal in space as
well. The modes with different ! are responsible for less pronounced resonances in Fig. (8). The modes interact
with microwaves if the WGM dielectric cavity is fabricated from two crystal wafers with alternating directions of
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Figure 9. Amplitude profiles of WGMs with different values of q.
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Figure 10. Periodical poling of lithium niobate cavity that allows for interaction of two WGMs with different ¢ and a
microwave field. Crossection of the cavity by plane A is shown under the top view of the cavity. Modes of a cavity with
poling structure shown in part (a) of the picture need special shape of the microwave waveguide/resonator to have phase
matching with the microwaves. Periodically poled cavity shown in (b) may be used in a travelling wave modulator.
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Figure 11. Periodical poling of lithium niobate cavity that results in interaction of two WGMs with different ! and
a microwave field. Modes of a cavity with poling structure shown in part (a) of the picture need special shape of the
microwave waveguide/resonator to have phase matching with the microwaves. Periodically poled cavity shown in (b) may
be used in a travelling wave modulator.

the crystal axis (see in Fig. (11)). Again, for any modes with arbitrary I; and l5 it is possible to design a sequence
of slices of the crystal to achieve interaction of the light with microwaves. Matching between group velocity of
the light and the phase velocity of the microwaves may be created via designing the microwave resonator or
waveguide.

5. CONCLUSION

In conclusion, we have proposed to fabricate a whispering gallery mode dielectric cavity from a periodically poled
nonlinear material. We show that an appropriate periodical poling leads to the compensation of phase mismatch
among cavity modes resulting from cavity material dispersion as well as geometrical cavity dispersion. We show
that because of the potentially high quality factors and small volumes of the cavity modes one may create an
ultra-low threshold optical parametric oscillator using the cavity. An appropriate periodical poling allows also
for an efficient interaction between light and microwaves.
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